
High-Order Eigenfunctions of the Graetz Problem 
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The Graetz problem is an analysis of 
heat transfer between a fluid moving at  
steady state, laminar conditions and a 
tube wall maintained at a fixed temper- 
ature. Solutions to this problem give 
the fluid temperature as functions of the 
distance along the conduit and the po- 
sition within the conduit. At the begin- 
ning of the conduit, x = 0, the fluid 
has a uniform temperature and a fully 
developed laminar velocity profile. The 
analogous case for a fluid flowing be- 
tween parallel plates is also treated. 
The abundant literature on this prob- 
lem is referenced by Brown (1) in a 
recent paper and will not be listed here. 
The purpose of this communication is 
to extend the tabulation of eigenfunc- 
tions contained in the solutions. 

The solution for the case of circular 
ducts is 
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and for flat ducts 
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Values for the coefficients C and the 
eigenvalues X to order ten for flat ducts 
and eleven for circular ducts are tabu- 
lated ( 1 ) .  Higher-order values may be 
estimated by means of asymptotic for- 
mulas ( 4 ) .  The first six eigenfunctions 
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are also published (1). 
The eigenfunctions Y, and Y, may be 

related to the hypergeometric function 
( 2 , 3 )  : 

Y ,  ( r / R )  = e IF, 
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- ( r / R ) *  
2 
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NOTATION 

= confluent hypergeometric func- 

= Peclet number for tubes NPe = 
tion 

N,, 
2R U ,  
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-* , for flat plates N P e  = 
a 

Y, ( T / R )  = e 9, 

The hypergeometric functions can be 
evaluated conveniently on a digital com- 
puter by means of power-series expan- 
sions. Such expansions appear to con- 
verge more rapidly and provide more 
accurate results, with a fixed number of 
significant figures, than those employed 
by Brown. 

Tables 1 and 2 give the eigenfunc- 
tions at increments in r / R  of 0.1 for 
functions to order 15. Since Y (0)  is 1 
and Y (1) is 0, these were not tabulated. 
Because these functions oscillate rapidly 
interpolation is impossible. The compu- 
tations were performed on a Datatron 
computer with double precision float- 
ing point arithmetic. Seventeen signif- 
icant figures were carried. 

TABLE 1. VALUES FOR THE EIGENFUNCTION Y, ( r / R )  
( Circular Ducts ) 

Q! 

r 
R = tube radius or half width of 

t = temperature of the fluid at any 

to 5 temperature of the fluid at 

t, 5 temperature of the conduit 

U ,  = mean fluid velocity 
x distance down the conduit 

measured from the point at 
which the fluid has a uniform 
temperature to 

= thermal diffusivity of the fluid 

= distance from center of duct 

flat duct 

point 

n-=o 
wall, a constant 

a 
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TABLE 2. VALUES FOR THE EIGENFUNCTION Y, ( r / R )  
(Flat Ducts) 
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